Non-perturbative approach to Luttinger's theorem in one dimension 
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The Lieb-Schultz-Mattis theorem for spin chains is gen- 
eralized to a wide range of models of interacting electrons 
and localized spins in one-dimensional lattice. The existence 
of a low-energy state is generally proved except for special 
commensurate fillings where a gap may occur. Moreover, 
the crystal momentum of the constructed low-energy state is 
2&F, where A?f is the Fermi momentum of the non-interacting 
model, corresponding to Luttinger's theorem. For the Kondo 
lattice model, our result implies that &f must be calculated 
by regarding the localized spins as additional electrons. 

PACS numbers: 05.30. Fk 72.37.+a 75.30.Mb 

Strongly correlated electron systems have attracted 
great interest. In one spatial dimension (ID), the ef- 
fect of interactions is often so strong that the indepen- 
dent electron approximation fails even qualitatively. The 
bosonization approach describes a wide range of one- 
dimensional interacting electron systems, in which the 
low-energy excitations are better described in terms of 
bosons rather than fermions. Such a phase is generally 
called a Tomonaga-Luttinger liquid (For reviews of 
bosonization, see for example 0.) There is an important 
parameter, the Fermi momentum kp. Although Fermi 
liquid theory generally breaks down in ID due to in- 
teractions, the correlation functions still have a singu- 
lar wavevector, which is a remnant of the Fermi surface 
of the free electrons. Low energy particle-hole like ex- 
citations still exist at the wave-vector 2kp. In the free 
electron model, the Fermi momentum is determined by 
the particle density, v: kp = ttv (or ttv/2 for spinful 
electrons in zero magnetic field). Luttinger proved that 
interactions do not change the volume inside the Fermi 
surface, as long as the system belongs to the Fermi liquid 
universality class || . A possible one-dimensional version 
of Luttinger's is simply the assertion that gapless neu- 
tral excitations exist at the unrenormalized wave-vector 
2k p = 2txv. This ought to imply singularities in Green's 
functions at the same wave-vector. It seems that the ab- 
sence of a shift in kp in ID has been assumed in most of 
the literature. 

However, since Fermi liquid theory actually breaks 
down, Luttinger's proof does not directly apply to the 
ID problems. A proof for ID was proposed recently [Q, 
but only for a very simplified model with a linearized 
dispersion relation and without backscattering and Umk- 



lapp term. An even more difficult example is the Kondo 
Lattice model, in which localized spins interact with con- 
duction electrons. The question arises whether the Fermi 
momentum is determined by the density of conduction 
electrons only or by regarding also the localized spins as 
electrons. 

In this letter, we point out that a simple but power- 
ful theorem can be applied to a wide range of interacting 
electron models on ID lattice. A low-energy excited state 
is explicitly constructed with a definite crystal momen- 
tum, 2kp where kp is the free electron Fermi wave- vector 
for the specified density, for generic values of the filling 
factor. The theorem gives an exact necessary condition 
for the presence of an excitation gap above the ground- 
state. The theorem itself is independent of the bosoniza- 
tion approach and can be applied to phases other than 
the Tomonaga-Luttinger liquid. Furthermore, it is ap- 
plied to the Kondo Lattice, which is difficult to analyze 
with standard theoretical techniques. It shows that the 
localized spins must be regarded as additional electrons 
in computing kp. (This is sometimes referred to as a 
"large Fermi surface" but we find this notation espe- 
cially inappropriate in one-dimension where the "Fermi 
surface" is just two points. It is perhaps better described 
as Fermi points corresponding to a large filled Fermi sea.) 

Let us start from the simplest case: interacting spin- 
less fermions. It is known that spinless fermions on a 
lattice can acquire an excitation gap due to interactions, 
even when there is no band gap in the absence of the 
interaction. Such a gapful phase, which is insulating, is 
called a Mott insulator ||. (In this paper, we use the 
phrase in the sense that the insulating behavior is due 
to interactions.) On the other hand, a model of spinless 
fermions with short-range interactions can be mapped 
to an S = 1/2 chain with short-range interactions, by 
the Jordan- Wigner transformation. The fermion density 
(number per site) v is related to the magnetization per 
site m in the spin chain problem as u = m + 1/2. Lieb, 
Schultz and Mattis proved a theorem on the excitation 
gap of S = 1/2 antiferromagnetic chains |J. The Lieb- 
Schultz-Mattis (LSM) theorem was later applied to other 
half-integer spin jjj . While these articles focused on the 
case without a magnetic field, we recently pointed out 
that it can be further applied to spin chains in a mag- 
netic field, and discussed its relation to possible plateaus 
in the magnetization curve Q . Since interacting spinless 
fermions are mapped to the 5 = 1/2 chain, the LSM the- 
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orem should be applicable to the spinless fermion prob- 
lem. In the present context, it reads as follows: Con- 
sider a Hamiltonian with short-range hopping, and as- 
sume it is translationally invariant and also conserves 
the total particle number (i.e. has charge U(l) symme- 
try) and parity or time-reversal. In a chain of length L 
with periodic boundary conditions, there is at least one 
low-energy (0(1/ L)) state above the ground state, if the 
fermion number per unit cell v is not an integer. The 
low-energy state has crystal momentum 2ixv relative to 
the ground state. The proof is essentially the same as in 
spin chains. Here we consider a single band tight-binding 
model with nearest neighbour hopping but general inter- 
actions written in terms of the electron density, ni, for 
simplicity. Generalizations to other models are straight- 
forward. Define the "twist" operator: 



U = exp 



2m J*i 



(1) 



Let | -00 ) be the ground state of the system. Since the 
interaction terms only involve the local density, which is 
invariant under transformation by U, then: 



(2) 



where t is the hopping coefficient and Cj the electron an- 
nihilation operator. Taylor expanding in powers of 1/L, 
the term of 0(1) vanishes assuming that the Hamilto- 
nian and groundstate are invariant under either parity 
or time reversal. Hence this quantity is 0(1/ L). The 
same result holds for very general types of Hamiltonians 
that conserve charge and either parity or time reversal. 
While U\ipo) is generally not an eigenstate of the Hamil- 
tonian, it proves the existence of at least one low-energy 
eigenstate, if U\ipo) is orthogonal to |^o)- In order to 
prove the orthogonality, we use translation, T, by the 
unit period, which is related to the total crystal momen- 
tum P by T — e lP . (We set the lattice spacing equal 
to 1.) T commutes with H and thus |^o) is an eigen- 
state of T. (If the groundstate is degenerate it is still 
possible to construct a basis of T eigenstates.) We ob- 
tain XJ- X TXJ = Te 2mu , where we used e 2 ™" 1 = 1 and 
v = rij/L. This means that the constructed state 
U\tpo) has crystal momentum 2nv relative to the ground 
state. Thus they are orthogonal if v is not an integer, 
concluding the proof. 

When v is a rational number p/q where p and q are co- 
primes, \ipo), U\tpo), ■ ■ ■ U q ~ l |^o) are mutually orthogonal 
and have low energy of 0(1/ L). The existence of these 
low-lying states suggests either a continuum of gapless 
excitation or spontaneously broken discrete translation 
symmetry. In the latter case, since the q low-lying states 
differ in the eigenvalue of T, they are related to spon- 
taneous breaking of translation symmetry; the ground 



state in the thermodynamic limit will only be invariant 
under translation by q unit cells. Namely, for the filling 
v = p/q, the excitation gap can open only if accompa- 
nied by a g-fold spontaneous breaking of the translation 
symmetry. An excitation gap without breaking the trans- 
lation symmetry is only possible for integer v. 

We note that the low-energy state U\^)q) appearing in 
the LSM theorem has the same total particle number as 
the ground state |^o)- The state U\ijjo) at crystal mo- 
mentum 2wi> implies that the density-density correlation 
function has a singularity at this wave vector. These 
results are consistent with discussions in the literature 
using the bosonization. (For example, see [0]§].) In the 
standard treatment, one only keeps wave- vector compo- 
nents of the Fermion fields in the vicinity of ±kp (left 
and right movers), thus obtaining a relativistic interact- 
ing field theory which can then be bosonized. Most treat- 
ments implicitly assume that Uf is unchanged by inter- 
actions. Our above argument justifies this assumption. 

The LSM theorem gives an exact necessary condi- 
tion for the presence of an excitation gap. In terms of 
bosonization, the gap is generated by a relevant operator. 
The low-energy excitation is described by a single bosonic 
field if with the Lagrangian C — l/2(d fl (p) 2 . The ip field 
has an angular nature ip ~ ip + 2ttR where R is the com- 
pactification radius. By symmetries, potentially relevant 
operators cosmp/R's, are only allowed at special values 
of kp . For v = pi 1 q where p and q are coprimes, the 
leading allowed operator is cos qtp/R, which corresponds 
to a potential energy with q minima. If it is a relevant 
interaction, the ip field in the groundstate will be locked 
to one of the q potential minima, corresponding to a q- 
fold symmetry breaking. (It is unlikely to be relevant for 
large q since it requires a large R.) Thus, bosonization 
gives a result consistent completely with the LSM theo- 
rem, if the Fermi momentum kp — vn is unchanged by 
the interaction. Again this implies the validity of "Lut- 
tinger's theorem" in ID. The above discussions allows a 
gapful state at a fractional filling factors, if accompanied 
with a breaking of the translation symmetry. This phe- 
nomenon is quite similar to the fractional quantum Hall 
effect jnj where an incompressible fluid is obtained at a 
fractional filling of the Landau level, with a breaking of 
a (hidden) symmetry. 

Now let us turn to interacting spinful electrons. We as- 
sume the model conserves total electron number (charge 
U{1) symmetry), and also the number of up- and down- 
spin electrons separately (which corresponds to the con- 
servation of total S z ). We also assume parity or time 
reversal invariance, and electron hopping to be short- 
ranged. Since the electron wavefunction has two com- 
ponents, we can construct two distinct twist operators 
as 



exp 



2lTi jj 1 ^ 
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where a =T,| and n a j is the fermion number opera- 
tor for spin a. Due to the U(l) symmetries and the 
parity or time reversal symmetry, transformation by U a 
raises the energy only by <3(1/L), as in (||). Since 
U- l TU a = Te 2 ™°, the constructed states U a \i) ) have 
crystal momentum 2-Kv a . This implies the existence of 
a low-energy state if either v\ or is not integer. As 
for spinless fermions, for rational u^s the system may 
acquire a mass gap if accompanied by a breaking of 
the translation symmetry. Again the low energy state 
has crystal momentum 2/cfv = 2-Kv a . This gives "Lut- 
tinger's theorem" in ID for spinful electrons. In partic- 
ular, for the case of zero magnetic field where we expect 
v\ = vy = v/2, we get the usual result: 2kp = itv. 

In the bosonization approach to spinful electrons, a 
mass gap may be generated by a relevant interaction, 
as in the spinless fermion case. There are separate spin 
and charge low-energy excitations, corresponding to the 
two boson fields <\> s and <j> c . Following the discussions 
in the spinless case, we find that operators cos nqtfi c / R 
are permitted when (k F + k F )/ir = p/q, where p and 
q are coprimes, (Actually that with odd nq is further 
restricted 12 1.) When it is relevant, we expect a gap 
in the charge sector. Similarly, only when (k F — k F )/w 
takes a special value, is a spin gap possible. To compare 
the LSM theorem with bosonization, it is convenient to 
define another set of twist operators by 



u e = u^u L , u s = UfU; 



(4) 



Let us define also the electron spin operators s" by 

where a a is the Pauli matrix. They are not affected by 
the transformation by U c at all: U~ 1 s ( *U c — s". On the 
other hand, U s can be written in terms of the electron 
spin operator as 



U s = exp 



(6) 



While the LSM-type argument does not tell us whether 
or not charge-spin separation occurs, it is natural to re- 
gard U c (U s ) as creating charge (spin) excitations, when 
charge-spin separation does occur. Again, U c \ipo) and 
U s \ipo) have energies of 0(1/L) due to the symmetries. 
Considering the translation T, it can be shown that 
U c \ipo) (t^slV'o)) is orthogonal to Vo), if total electron 
number per unit cell v = + (twice magnetization 
per site 2m = — v\ ) is not an integer. Thus, without 
breaking of the translation symmetry, the charge gap can 
open only if v is an integer, and the spin gap can open 
only if 2m is an integer. For rational values of v or 2m, 
they may open if accompanied by a breaking of the trans- 
lation symmetry. 



We note that, in (J6J) , U s has a twist angle which is 
twice that used for pure spin chains This is neces- 

sary to produce a low-energy state in an electronic model 
in which rij can fluctuate. Thus the spin gap is allowed 
without breaking the translation symmetry for integer 
2m. This gives an interesting difference between the spin 
degrees of freedom in the electronic model and the pure 
spin chain: while an excitation gap in the Heisenberg 
antifcrromagnctic chain must accompany a breaking of 
the translation symmetry, a spin gap without the sym- 
metry breaking is possible in the Hubbard model at zero 
magnetization. Actually, this is what happens in the 
attractive Hubbard model. This phenomenon has been 
also discussed in terms of field theory |Q : spin degrees 
of freedom are "dimerized" and thus have a gap. While 
the dimerization naively means a breaking of translation 
symmetry, the spin field is not a local field in terms of 
the original fermion operator. Thus the "dimerization" 
of the spin degrees of freedom can be hidden by the gap- 
less charge degree of freedom. Intuitively, such a spin-gap 
phase may be described by floating singlet pairs. 

When the charge gap opens in addition to the spin gap, 
the symmetry breaking can no longer be hidden. Thus, 
we may expect that the spin and charge gap cannot open 
simultaneously without breaking the translation symme- 
try, at half-filling and zero magnetization in a generalized 
(single-band) Hubbard model. Actually, the LSM theo- 
rem gives a proof of this statement. The argument using 
the original U a gives a stronger result than that using U c 
and U s - At half- filling and zero magnetization, while the 
latter proves nothing, the former proves the existence of 
a low-lying state, though the nature of the excitation is 
unknown. Thus, assuming that the system has only the 
charge and spin degrees of freedom, either charge or spin 
gap must vanish or otherwise the translation symmetry 
must be broken. 

The LSM theorem can be applied to a wide range of 
models, including ladders, spin-Pcierls system, Kondo 
lattice, periodic Anderson model, etc., with or without 
orbital degeneracy and/or interactions among conduction 
electrons. As an illustration, we consider the standard 
Kondo-Heisenberg lattice defined by the Hamiltonian 



+J K g J ■ &i + j hY1 Sj ■ S j+1 , (7) 

3 3 

where Sj is the electron spin operator defined in (ph and 
Sj is the localized spin operator of spin 1/2. Jk is the 
Kondo coupling, and Jh is a direct coupling between 
the localized spins, which is sometimes introduced in the 
literature. The LSM theorem for the Kondo Lattice can 
be derived using the twist operators 
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U± = exp 



2?ri 



3 



(m,7 ± si: 



(8) 



where ± represents the electron spin. For these opera- 
tors, U± 1 TU± = Te wi( - V±2m+ V where v is the conduction 
electron number per site, and m is the magnetization 
per unit cell including both the conduction electron and 
the localized spin. The identity e 27TtSl — — 1 for half- 
integer localized spins has been used, as in the LSM the- 
orem for spin-chains. Charge/spin twist operators 
can also be defined as in (0) to discuss the conditions for 
a charge/spin gap. 

The Kondo lattice model exhibits a rich phase struc- 
ture Jl4| , ^6|JT9| , |2^ , p^ | . In some parameter regions, the 
low-energy properties of the Kondo lattice may be de- 
scribed by a Tomonaga-Luttinger liquid or by a phase 
with a spin gap but no charge gap. However, the Kondo 
lattice is difficult to treat by bosonization due to the 
presence of the localized spins. While it is possible to 
introduce the direct exchange Jh and treat Jk pertur- 
batively jl8|,[l9 23 1, it is not clear whether this approach 
gives a correct picture for Jh / Jk ~ 0. There have been 
some discussions millllMl 

E0 231 concerning whether 
the Fermi wavevector corresponds to a large filled Fermi 
sea (including also the localized spins as electrons) or 
a small one (including only conduction electrons). In 
the large positive Jk limit, all conduction electrons form 
singlets with localized spins if v < 1 . The density of un- 
paired localized spins, which would behave as free holes, 
is 1 — v |l4|,^j|, which leads to the large filled Fermi sea 
picture. However, it is questionable whether it applies 
away from the large Kondo coupling limit. On the other 
hand, we may associate the Kondo lattice model with 
an underlying free electron model (the U — ► limit of 
the corresponding Anderson model) with two sites per 
unit cell and hence 2 bands. From a band theory view- 
point, assuming the bands are nonoverlapping, the Fermi 
wavenumber is Tr(l + v) /2 in the lower band. If we assume 
that the wavevector is unaffected by the interactions, we 
arrive at the large filled Fermi sea picture. However, it 
has been questioned whether the Kondo lattice model 
with purely localized spins can be understood correctly 
in this approach. While there are several numerical cal- 
culations p^ , p^| , p7| , p0| -[22]| , a definite conclusion for whole 
parameter ranges had not yet been obtained. 

In our approach, the low-energy state appearing in 
U ff \i^o) has crystal momentum 7r(^±2m+l). In particu- 
lar, the low-energy state has the momentum ±7r(i/+l) (or 
equivalently ±7r(l— p)) at zero magnetic field. This corre- 
sponds to a Fermi momentum = 7r(v + l)/2 = ttut/2, 
where vt = v + 1, is the total electron density includ- 
ing the localized spins. This is consistent with the large 
filled Fermi sea picture, but not with the small one. 
Thus, our application of the LSM theorem shows that 
the large filled Fermi sea picture is exact for any non- 
vanishing Kondo coupling Jk, with or without the direct 



Heisenberg exchange Jh- This result has interesting im- 
plications for correlation functions in the Kondo Lattice 
model. 
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Note Added: In the original manuscript, we noted an 
incompleteness of our proof: the constructed low-energy 
state is spread over the entire lattice, and it could, 
in principle, be merely a pathological excitation which 
is unphysical in the thermodynamic limit. Now Hal 
Tasaki [ B4] has improved our argument so that a low- 
energy state is constructed with compact support, thus 
making the proof complete. Its details will be reported 
elsewhere. We thank Hal Tasaki for the important con- 
tribution and for kindly allowing us to mention his result 
in the present Letter. 
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